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This paper was motivated by an effort to understand tfie representation theoretic 
meaning of the results of I15L E5| on reahzations of (pseudo-)crystal bases of 
certain quantum loop modules in the framework of Littelmann's path model. These 
papers showed in particular, that one could write the tensor product of a crystal 
basis of a highest weight integrable module with a (pseudo-)crystal basis of such 
a quantum loop module as a union of highest weight crystals. The obvious and 
natural intepretation would be that the decomposition of the crystals gave rise to 
a direct sum decomposition of the tensor product of the corresponding modules 
for the quantum affinc algebra. It is however, not very difficult to see that such 
a tensor product never contains a copy of a highest weight module. In addition, 
the corresponding classical situation which was studied in 7 and more recently 
in ^ 1201 did not exclude the possibility that such tensor products might in fact 
be irreducible. In this paper we are able to show that the tensor product of an 
integrable highest weight representation with the quantum loop module associated 
to the natural representation admits a filtration such that the successive quotients 
are highest weight integrable modules with multiplicity and highest weight given 
by the path model. 

We now describe the main results of the paper. In Section[21we recall some well- 
known properties of highest weight modules and modules of level zero. We also 
establish several new results on the structure of an irreducible finite dimensional 
module V, and in particular introduce a function n : V ^ N which plays an 
important role in Section [71 In Section (31 we establish (Theorem^ the quantum 
analogue of one of the main results of ^ (Theorem 4.2). Namely, we prove that the 
tensor product of a simple highest weight module with a finite dimensional module 
is simple. In this situation, we work over the smaller version of the quantum affine 
algebra which does not contain an analogue of the Euler operator. The result is the 
same as the classical one proved in |71 but, the absence (in general) of the evaluation 
map and the non-cocommutativity of the comultiplication in the quantum case 
makes it harder to establish. 

In the rest of the paper we study the more complicated and interesting sit- 
uation of the tensor product of a highest weight module V{A) with a quantum 
loop module L{V). We begin by introducing (Section a filtration V„ 3 V„+i, 
n e Z on V{A) (g) L{V). We prove that this filtration is either strictly decreasing, 
i.e. Vn 2 for all n G Z, or trivial, i.e. V„ = Vm for all n, m G Z. We show also 
in this section that when ^(A) is the Verma module, the filtration V„ is always 
strictly decreasing and that Hriez ~ 0. Furthermore, for all n e Z the quotients 
V,i/V„+i are modules in the category O for U^. In the case when ^(A) is a highest 
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weight integrable module wc prove that Pliiez zero if the filtration is strictly 

decreasing and that V"(A) L{V) is irreducible if the filtration is trivial. 

In the next two sections we study the filtration Xn n E Z, of X{A) ^L{V) where 
X{A) is the irreducible integrable module with highest weight A. We give sufficient 
conditions for the filtration to be trivial or strictly decreasing. In the latter case the 
quotients Xn/Xn+i are integrable modules in the category O and hence isomorphic 
to finite direct sums of irreducible highest weight integrable modules A"(/i). These 
are related to embeddings of L{V) into Homc(q) (Ar(A), which arise in the 

theory of KPRV determinants (cf. (HHni)- 

In the last section, we let L{V) be the loop module associated to the natural rep- 
resentation of the quantum afhne algebra of classical type, and study the filtration 
on X(A) (g)L(y). This case is not covered by either of the sufficient conditions given 
in the previous sections. We are still able to show that D Xn^i if dim AT (A) > f . 
We also identify the highest weight and multiplicites of the irreducible modules in 

Xn/Xn^l. 

It follows from our results that one can complete the modules M {A)(E)L{V) (and 
AT (A) ® L{V) if Xn 2 '^n+i) with respect to the topology induced by the filtration. 
Further, MA) (g) L{V) (resp. X{A) (g) L{V)) embeds canonically into M{A)^L{V) 
(resp. X{A)(^L{V)). This can be compared with the results of ^JEl- The details 
will apper elsewhere. 
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I. Preliminaries 

Throughout this paper N (respectively, N+) denotes the set of non- negative 
(respectively, positive) integers. 

1.1. Let g be a complex finite-dimensional simple Lie algebra of rank £ with a 
Cartan subalgebra (). Set / = {1,2, . . . ,£} and let A = {diaij)ij^j, where the di 
are positive co-prime integers, be the £ x i symmetrized Cartan matrix of q. Let 
{ai : I G /} C [)* (respectively {wi : z G /} C [)*) be the set of simple roots 
(respectively of fundamental weights) of g with respect to (}. Let be the highest 
root of g. As usual, Q (respectively, P) denotes the root (respectively, weight) 
lattice of g. Let P+ = J2iei be the set of dominant weights and set = 
X^ig/Na,;. Given 7 = Y.i^i^^'^i ^ set ht7 = J2iei^^- Let W be the Weyl 
group of g and let Sa & W denote the relection with respect to the root a. It is 
well-known that t)* admits a non-degenerate symmetric ly-invariant bilinear form 
which will be denoted by (■ | •). We assume that (a^ | ai) = diUij for all i,j £ I. 
Given a root /3 of g, denote hy (3^ £ I) the corresponding co-root. 



1.2. Let 



g = g (g) C[i, r^] ® Cc ® Cd 
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be the untwisted extended affine algebra associated with g and let A = (diaij)^ j^j, 
where / = /U{0} be the extended symmetrized Cartan matrix. Set [) [)©Cc©Cd. 

From now on we identify f)* with the subspace of [)* consisting of elements which 
are zero on c and d. Define (5 G t)* by 

<5(f)®Cc) = 0, (5(d) = 1. 

Set ao = S ~ 9. Then {ai : i G /} is a set of simple roots for g with respect to f), 
Oq = c — 9'^ and S generates its imaginary roots. 

Let W be the Weyl group of g. The bilinear form on t)* extends to a M^-invariant 
bilinear form on [)* which we continue to denote by (■ | ■). One has ((S | a^) = and 
(a; \aj) = diUij, for all i,j G /. Define a set of fundamental weights {a;, : i G 
/} C t)* of g by the conditions {uji\aj) = diSij and 0Ji{d) ~ for all i,j G /. 
Let P = J2i£i ® '^^ (respectively, P+ = J2iei'^^i ® ^'^) corresponding 
set of integral (respectively, dominant) weights. We have zui = uji—a^ujQ where is 
the coefficient of in 6*^ . Identify P with the free abelian subgroup of P generated 
by the Wi, i E I. Denote by Q the root lattice of g and set = J^i^i'^'^i- 
Given 7 = J^ieT^i'^i ^ Q^i ^^^7 — J2ieT^i- Given A, /i G P^ (respectively, 
A, /i G P^) we say that A < /i if — A G (respectively, /i — A G Q^). For 
aU A G P set A^ = A(a)^), i G /. 



1.3. Let q be an indeterminate and let C(q) be the field of rational functions 
in q with complex coefficients. For r, m G N, m > r, define 



q-q 



[m]gl = [m]q[m-l]^ 



[r]ql[m-r]q\' 



For i G /, set = g'^' and [m]i = [m]qi. 

The quantum affine algebra Uq(g) (cf. Pll5l lll[ll7| ) associated to g, which will 
be further denoted as Ug, is an associative algebra over C{q) with generators xf^, 
hi,k, Kf^, (7=*=-^/^, D^^, where i G /, fc, r G Z, fc 7^ 0, and the following defining 
relations 



(7=*=^/^ are central, 

K^K^^ = ^^^^^^ = 1, C^/^C"^/^ = C-^/^C^/^ = 1, 
K,Kj = = K,D 



1 C--C- 



[V,xf,] = ±i[ra,,],CTl^'^l/ 
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± ± _ ±o.ij ± ± _ ±aij ± ± _ ± ± 



r7('-s)/2^+ _ (J-(r-s}/2 

\xT^,x, = di, ■ ■ ■ 



for all sequences of integers ri, . . . ,rm, where m = 1 — a^j, is the symmetric 
group on m letters, and the ip^^, are determined by equating powers of u in the 
formal power series 

oo oo 

^Pt:±r^^^ - Kf' exp ( ± (q, - q-') ^ /.,,±,^±^ 
r=0 s=l 

The subalgebra of Ug generated by the elements x^q, j £ / is isomorphic to the 
quantized enveloping algebra [/^(g) of g. 

Let Ug(:^) (respectively, Ug(^)) be the subalgebra of Ug generated by the xf^ 
(respectively, by the x~^) for alH £ /, s G Z. Given r e Z, let U^(::^) (respectively, 
Ug(^)) be the subalgebra of Uq(:») (respectively, of Ug(<c)) generated by the xf ,, 
(respectively, by the for all i £ / and for all s > r. Furthermore, let Uq(0) 
(respectively, Ug(0)) be the subalgebra of Ug generated by the hi^s, for alH G / and 
for all s e Z (respectively, for all s > r), s ^ 0. Finally, let U° be the subalgebra 
generated by the iff \ i e /, D"^^ and C^^/^. 



1.4. Define a Z-grading on Ug by setting degzf^ = r, deg/ii.fc = fc for all j S 
/ and for all r G Z, fc G Z \ {0} and degif, = degD = degC^^/^ = for 
all i G /. Equivalently, we say that x G is homogeneous of degree k = degx 
if DxD^^ — q^x. Given z G C{q)^ , let (/>^ be the automorphism of Uq defined by 
extending (f>z{x) = z'^'^^^x for x G homogeneous. 

On the other hand, the algebra Ug is graded by the root lattice Q, the ele- 
ments xf^, « G /, r G Z being of weight rS ± ai, the ht^k, « G /, fc G Z \ {0} 
being of weight k6 and the other generators being of weight zero. Given v ^ Q, 
we denote the corresponding weight subspace of Ug by (Ug)^. Observe also that 
if X G {XJq)rS+'f, 7 G Q, r G Z then degx = r. 



1.5. We will also need another presentation of Ug. Namely, after OEli the 
algebra Ug is isomorphic to an associative C(g)-algebra generated by Fi, Kf^ : 
i £ I, D^^ and central elements C^^/^ satisfying the following relations: 
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DEjD-^ = q^^"E. 



J' 



K,, - K-^ 



1 — aij 



1i " 1; 



EM) 



r=0 



1 - Oi 



{F^rF,{F,) 



1 — aij — T^ 



if i 7^ j, 



if i ^ j. 



The element Ei (respectively, Fi), i e / corresponds to x^q (respectively, q). In 
particular, the elements Ei,Fi, Kf^ : i G / generate a subalgebra of Ug isomorphic 

to Ugis). 

Let U+ (respectively. U^) be the C(g)-subalgebra of Ug generated by the Ei 

(respectively, by the Fi), i G /. Let Ug be the subalgebra of Ug generated by 

the Ei, F„ Kf\ i e / and by C^^/^. 

We will need the following result which was established in 

Proposition. We have U+ C UO(<)UO(0)U!;(>) and UJ(<),U^(>) C U+ for 
all r e N+, s e N. 

1.6. It is well-known that Ug is a Hopf algebra over C{q) with the co-multi- 
plication being given in terms of generators Ei,Fi,Kf^ : i e / by the following 
formulae 

A(£;,) ^E,(E,l + K,(idE„ A{F,) = i^, ® K'^ + l(S>F„ 

the K^^, F)^^ , C^^l'^ being group-hke. Notice that Ug is a Hopf subalgebra of Ug. 
Let ii^ (respectively, iA~) be the subalgebra of Ug and Ug generated by the Ei 
(respectively, by the Fi) and by the K.f'^ , i ^ I. Obviously, the are Hopf 
algebras and U^ C U'^. 

Although explicit formulae for the co- multiplication on generators a;^^, hi^^ are 
not known, we have the following partial results '10' which are enough for this 
paper. 



Lemma. For ieI,r£N,se N+ 
A(a;+^) = x^^ (g)l + Ki® a;+^- 



we have 

terms in U°((U+)+®(Ug+)+), (1.1) 

terms in U°((U+)+ ® (U°(»))+), (1.2) 

terms in U°((U+)+ ® (Uj(«))+), (1.3) 



where (Ui")+ denotes the augmentation ideal of XJ'l 



For i g /, set 



exp 



oo 



fe=i 
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Let Pi^±r be the coefficient of in P^{u). It is easy to see that the elements 
hi^r belong to the subalgebra of generated by the elements Pi^r, i ^ I, r Z. 
Further, one can deduce from Lemma Fl. 61 as in [3] that, for all s G N, 

s 

A(P,,,) terms in U°((U+)+)®(U+)+) (1.4) 

r=0 



2. The modules M(A), X{A), V{tt) and L{V{7t)). 

In this section we recall the definition and some properties of several families of 
integrable modules for and U'^. For modules of level zero we also establish some 
results which we need in later sections. 

2.1. A Ug-module M is said to be of type 1 if Af = ®^gp M^,, where 

Mf, ^{meM : K,m = qf"^^m, V iel, Dm^ q'^'-'^'^m}. 

Type 1-modules for are defined in the obvious way. If m G \ {0}, we say 
that m is of weight /i and write wt m = /i. Set Q{M) — {i^ E P : My ^ 0}. 

A \]q- or a UJj-module M of type 1 is said to be integrable if the elements Ei, 
Fi, i € I act locally nilpotently on M. Evidently, a U^-module M can be viewed 
as a Ug-module M' and — ©^.gz ^^i^+rS- 

2.2. Let O be the category of Ug-modules satisfying the following properties. 
A Ug-module M is an object in O if and only if 

(i) M is a module of type 1 and dimM^ < oo for all fi E P. 

(ii) The set ri(M) is contained in the set Ufc=i{'^fe ~7 ■ 7 ^ Q^} some r G N+ 
and for some Afe G P. 

Given A G P, let A/(A) denote the Verma module of highest weight A. It is 
generated as a Ug-module by an element m\ of weight A with defining relation 

(U|)+mA = 

It is well-known that A/ (A) has a unique simple quotient which we denote by AT (A). 
Let v\ be the canonical image of m\ in A" (A). 

The next result is well-known and follows immediately from 16 and 1211 . 

Proposition, (i) For all A G P, A'/(A) G O and is a free XJ^ -module. In partic- 
ular Ann^j- TOA = and {1{M{A)) d A ~ Q+ . 

(ii) For all A G P^ , A" (A) is an integrable XJq-module in the category O and 
is generated as a JJq-module by the element v\. Moreover, Ann^- va = 

(iii) Let A/ G O 6e integrable. Then M is is isomorphic to a finite direct sum of 
modules of the form X{A), A G P^ . In particular, if M G O is simple and 
integrable, then it is isomorphic to A' (A) for some A G P^ 
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Regarded as modules for U^, the X{A) remain simple, although they no longer 
have finite-dimensional weight spaces. Indeed, by if A G n{X{A)) then A — n(5 G 
n{X{A)) for all n G N and we can write 

^(A) =00 X{AU-,-nS. (2.1) 
teQ+ neN 

Obviously, for 7 G fixed, 0„gN ^{^)A--y-nS is a weight space of X{A) viewed 
as a U^-module. Observe also that 

M{A) = M{A + r6), X{A)^ X{A + r6) 

as U^-modules for all r G Z. 

2.3. The next important family of modules we consider is that of the irreducible 
finite-dimensional representations V{t7) of U^. Let tt = {Tri{u))i(zi be an £-tuple 
of polynomials with coefhcients in C(g) and with constant term 1. Set Att := 
X]ig/(deg7ri)zui G P. Let W{tv) be the U^-module generated by an element v-^ 
satisfying 

for alH G /, r G Z,s G N where 7r^^(u) — "'fs'"^ ^'^d 

+ I \ - r \ dcE TT,- '"'i ) 

7r+(u) = 7r,(M), 7r^(u) = M s._^ _ 

IT 

i.dcg Hi 

The following proposition was proved in j5] . 

Proposition, (i) The XJ'^-modules W{tt) are finite- dimensional. 

(ii) Win) = Ug(<)u^. /n particular, n{W{-K)) C A^ - (3+. 

(iii) dimW^(7r)A„ = dim.W{TT)w„\„ — 1, where Wo is the longest element of the 
Weyl group of q. Let be a non-zero element in W{TT)wa\„ ■ Then 

x-X = 0, )+^; = 0, T^(7r) = U(»K, 

and n{W{Tv)) C WoXn + ■ 

(iv) W{tv) has a unique simple quotient V{7r) and all simple finite dimensional 
\5'^-modules are obtained that way. 

(v) Denote the images of the elements Vt^, in y(7r) by the same symbols. Then 



V{tt) ^ U,(«)i;^, x+^v^ = 0, {xl,f-^°'"' '^+\^ = 0, 
ri(F(7r)) C A^-g+, 

and analogous statements hold for . 

Given z G and an ^-tuple of polynomials tt = (7ri(u))ig/, one can introduce 
on V{'k) another U^-module structure by twisting the action by automorphism (pz. 
Then (^*F(7r) = V{tTz) where tt^ = {■Ki{zu))i(ii. 
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2.4. We now establish sonic facts about V{tt) which will be needed later. 

Lemma. Let tt be an (-tuple of polynomials with coefficients in C{q) and con- 
stant term 1. Let ki (respectively, k*), i.j G /, be the dimension of V{Tv)x^^ai 
(respectively, o/ T^(7r)tu^A„+Qj j- Suppose that ki,k* > 0. Then 

(i) {xl'sV^, . . . , Xj^^^+fc^i^Tv} is a basis of V{'rc)x„^ai for all s e Z. 

(ii) {a;+^<, • • ■ , a;^^^^.^!^* } is a basis of V{Tz)^^),^+a, for all s e Z. 

Proof. We prove only (i), the proof of (ii) being similar. Since V{n) — Ug(^)t;^, 
the elements k € Z span F(7r)A^_Q,. . Next, observe that a;~j,w,r 7^ for 

all k E Z. Indeed, if a;~„w,r = for some n E Z then, since v-^ is an eigenvector for 
the hi^s, s G Z we get, using the defining relations of Ug 

n^h - __Ml - 

It follows that x^f.VT^ = for all fc G Z. Therefore, V{TT)\^^ai — 0, which is a 
contradiction. 

It remains to prove that the set {x~gVTr, . . . , x~^_^_f,,_^VTr} is linearly independent 
for all s G Z. If ki — 1 then, since x~^VTr ^ for all s G Z, there is nothing to 

prove. Assume that ki > 1 and that J2r=o^ ^^rX'^^^VTr ~ for some Ur G C{q), 
r = I, . . . ,k and for some s G Z. Applying hi^m as above we conclude that 

ki-l 

arX;^r+s^n - 0, VS G Z. (2.2) 

r=0 

Let ri (respectively, r2) be the minimal (respectively, the maximal) r, < r < ki — 1 
such that Qr ^ 0. Then, using (|2.2|) with s = and s = 1, we obtain 

r2 r2 
r— ri+1 r— ri + 1 

Observe that both sums contain at least one non-zero term. Then it follows by 
induction on ri ~ k (respectively, on fc — ra) from the above formulae and (|2.2|) 
that the x'^^.v^^ lie in the linear span of vectors x~^_^j^^VTr, . . . , x~^^Vt^ for all k < ri 
(respectively, for all k > r2). Therefore, dim ^(Tr)^^-^; < ki which is a contradic- 
tion. □ 

2.5. 

Lemma. Define 



Then 



k{Tv) - min{dimy(7r)A,-a. : V{Tv)x^^a.. + 0}. 



fc(7r) = min{dimy(7r).u,„A„+a. : V^(7r)^„A„+a. 7^ 0}. 



Proof. Let fc* = minje/{dim V^(7r)^^A„+a, : y{T^)w^\^+a, 0}. Choose i G / such 
that fc(7r) = dim V"(7r)A„-Qi for some i G /. Since ^(Tr) is an integrable U^-module, 
its character is M^- invariant (cf. say |22)- Since Woai — —aj for some j G / we 
conclude that dim y(7r)u,^A„+aj = k{TT) and so k* < k{Tv). A similar argument 
shows that k{7z) < k*. □ 
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2.6. 

Lemma. For any v G V{-k), E^^^'^'^^^^v = = F^^^'^^^^^v. 

Proof. Since V{Tr) is finite dimensional, it decomposes, uniquely, as a direct sum of 
simple finite dimensional highest weight modules V{\) over Uq{Q) with A G A^ — Q+. 
Therefore, in order to prove the assertion it is sufficient to show that, if A — 7, 
7 G Q+ is a weight of V{\), then = A - 7 - (A(6'^) + 1)61 is not a weight of V{\). 
Indeed, otherwise, since the formal character of ^(A) is M^-invariant, sg/i = A — 7 + 
(7(6*^) + 1)61 is also a weight of V{\). It follows that 7' = 7 - (7(6*^) + l)6i G Q+ . 

Let J = {i G / : ai{6'^) > 0} and observe that J is not empty. Write 7 — 
^jgjriiai. Suppose first that 7(6*^) — 0. Then rii — for all i £ J. Yet 9 = 
X^ig/ diC^i and Oi > for all i € L It follows that the 0;^, i G J occur in 7' = 7 — 6* 
with strictly negative coefficients. Therefore, 7' ^ which is a contradiction. 

Finally, suppose that 7(6*^) > 0. Then there exists i £ J such that rii ^ 0. It 
follows that at occurs in (7(0^) + 1)0 with the coefficient at least ai{ni + 1) > n^. 
Thus, ai occurs in 7' with a negative coefficient and so 7' ^ Q^. 

A similar argument shows that Fq '""'^"'-^ '+^^1 — for all v G V(tv). It remains 
to observe that -WoA^(6''^) = A^(6''^). □ 

2.7. 

Proposition. For all r G N, V{tt) = U'g(<c)t;^ ^ U'g(>)t;;. 

Proof. It is sufficient to prove the statement for , the proof of the other one being 
similar. Recall that all weights of V{7t) are of the form A^r — 7, 7 G Q^. We prove 
by induction on ht 7 that 

V{7v)x„-, C U;(«)«^, VrGN. 

If ht7 = then there is nothing to prove. Assume that ht7 = 1, that is 7 = a; 
for some i G /. Then k = dim ^(Tr)^^-^; > and by Lemma f2. 41 V{7T)\^-a. is 
spanned by a;~^f7r, ■ ■ • , ^ir+k-i'"'^ ^'-'^ — ^- particular, 

V"(7r)A„_a. C Ug(<)w,r 

for all r > 0. 

Suppose that v G V{tt)\^-^ with ht7 > 1 and that v G UJ(^)ti.n- for all r G N. 

Fix some r G N. For the inductive step, it suffices to prove that x^i,v G U^(<c)t'7r 
for all /c G Z and for all i G /. We may assume, without loss of generality, that v = 
xj^w for some w G U^+^(<c)w7r, j £ I and n > r. It follows from the defining 
relations of the algebra that 



^i,k^j,n'^ — 1i ^j,n^i,k'^~^% ^i,k+l^j,n-l''^ ^j,n-l^i,k+l 



W. 



If fc > r — 1 then all terms in the right hand side lie in UJJ(<c)w7r by the assumption 
on w and by the induction hypothesis. Then it follows from the above formula by 
induction on r — fc that x^^x~^w G U^(-c)w7r for all fc < r and the proposition is 
proved. □ 

Corollary. We have V{-k) = U+u^ = H+vl. 

Proof. This follows immediately from the above and Proposition ^3] □ 
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2.8. As a consequence of Proposition 12. 71 we can define a map n : V{tt) N 
in the following way. Given v G V{tt), v ^ let n{v) be the minimal r G N such 
that V can be written as a linear combination of homogeneous elements of of 
degree < r apphed to Such a number is well-defined since F(7r) = U°(<C)w7r 
by ProDOsition l2.7l Set n(0) = — oo with the convention that — oo < n for all n £ Z. 
Finally, set n{-K) — max{7i(w) : v G V^(7r)}. 

Lemma. We have, for all v G V{tv), 

n{Eiv) < n{v), i € I 

n{Eov) < n{v) + 1, 

n{Fiv) < n{v) + dim V{Tv)x„~ai , i & I 
n{FQv) < n{v) — 1. 

Proof. The first two statements are obvious. For the next two, observe that since 
V{-k) is spanned by vectors of the form Xvt^ where X is a monomial in the Ei, 
i G /, it suffices by the relations in Ug to prove the assertion for v ^ Vt^. If z = 0, 
then FqVt^ = and there is nothing to prove. So assume that i ^ 0, and that 
FiVt^ ^ (if FiV^^ = 0, there is again nothing to prove). Then, by Lemma l2.4l FiVt^ 
is contained in the linear span of the x^^Vt^, s — I, . . . ,dimV{TT)x^^a.. □ 

2.9. Let m = m{n) G N+ be maximal such that tt G {C{q)[u'"^]Y . Then tt 
can be written uniquely as tt^tt^ • • • 7r^„,_i where tt" is an ^-tuple of polynomi- 
als with constant term 1, C is an mth primitive root of unity and the product 
is taken component- wise. By 0, V{it) = V{tt^) (g) • • • ® V{tv^,„^i). It follows 
that dhnV{7r) x„-ai ~ ?ndimy(7r'^);\ o-"i ^'^^ i E I. 

Denote by r^r the unique isomorphism of U^-modules 

which sends v^^ — w^o ® ■ ■ ■ w^o ^ to the corresponding permuted tensor product 

of highest weight vectors. Set t^tt = o Ttt, where (/)^ is the pull-back by 

the automorphism (t)Q of Ug. Then riT^{xv) = C,^ '^^^^ xrjTr{v) and rjT^{v-n-) = Vt^, 
whence ry™ = id and 

m — 1 

V{tt) = ^(Tr)^^), where ^(Tr)^^) = {i; G ^(Tr) : tj^{v) = C'^v}. 

k=0 

Notice also that, since degi^i = 0, 77,7 preserves weight spaces of y(7r). 

Lemma. Let v G ^(Tr)''^' and suppose that v — X^fLi ^sV-^ with Xs G Vg homoge- 
neous. Then X^v^^ ^ only ifdegXg + k = (mod m). In particular, n(v) + k = 
(mod m). 

Proof. This is immediate since V{tv) = 0"Lo^ \/(7r)('') and X^i;^ G y(7r)(') where 
I = —degXs (mod m). □ 

2.10. LetL(V"(7r)) = V{7r)®c[q)C{q)[t,t-^] be the loop space of y(7r). Define 
the Ug-module structure on L{V{tt)) by 
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for all X £ XJq homogeneous, v G V{n) and n e Z. Henceforth we write wi" for the 
element w (g) i", w e V{-k), n e Z of L{V{tv)). 

Let m — m(7r). By L{V{7r)) is a direct sum of simple submodules L'^{V{7t)), 
r = 0, . . . , m - 1 where ^'■(^(Tr)) = Vgiv-^f) = Ug«r). 

Define rjT^lvf) ~ C^riTr{v)t'^ . Then by 6 , G End^ L{V{tt)) and the simple 
submodulc L''{V{n)) is just the eigenspace of Ty^r corresponding to the eigenvalue C'*. 

Lemma. For all s = 0, ...,m — 1, the C{q)-subspace \J'^(v.^t^) is spanned by 
elements of the form yt^+Hv)+k ^ ^ ^ V{n), fc £ N. 

Proof. The statement follows immediately from Corollarv l2.7l and from the defintion 
ofn(w)inEHl □ 

3. Irreducibility of X(A) F(7r) 
In this section we prove the following 

Theorem 1. Let A G P and let V{tt) be a finite dimensional simple U^-module 
corresponding to an £-tuple tt of polynomials in one variable with constant term 1. 
Then X{A) V{-k) is a simple U^-module. 

This result is a quantum version of [3 Theorem 4.2] 

3.1. By Proposition[T31 UJ(>), r > and Uq(<), r > are contained in U+ 
which is in turn contained in the Hopf subalgebra of U^. 

Proposition. Let A G P. 

(i) As V^-module, we have 

M(A) ® Vin) = V'qimA «> v^) ^ U;(mA eg) <), 

and 

X{A) ® V{7z) = U;(«A «) v^) - U^K ® <)■ 

(ii) As \J q-modules, we have 

M(A) ® i^(F(7r)) = ^ U,(mA ® = ^ U,(mA 

n6Z nez 

and 

X(A) ® i^(F(7r)) = Ugl^A ® = U«(^A ® <f""+^), 

nez nez 

for all s — 0, ■ ■ ■ , m — 1 . 

Proof. The argument repeats that of the proof of 7, Lemma 2.1] and is included 
here for the reader's convenience. 

Observe first that, since is a Hopf subalgebra of XJ'^, we have by Lemma 1^71 

l^qiruA (g) Vt,) = mA (8) U+w^ ^ uia (E) V{Tr). 
We prove by induction on ht 7 that 

M(A)a-^ V{tv) C U;(mA V{n)). 
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If ht7 = then there is nothmg to prove. Suppose that ht7 = 1 that is 7 = ai for 
some i E I. Since 7\f(A)A-c(i is spanned by Fim\, we have 

F,{mA ® V{tv)) ^ F,mA V{tv) + mA V{tv), 

whence 

F,mA V{tv) C U'^(mA V{tv)). 
The inductive step is proved similarly. 

Thus, M{A)(S)V{tv) C U^(TOA®W7r) we conclude that M(A)®y(7r) is generated 
by niA ^ Wtt- To see that it is also generated by toa one proceeds as above 
using an observation that, by Proposition 12.71 TJg{'>)v^ = V{n) and that Ug(^ 
)rnA = 0. This proves (i) for the modules M(A) (g) and hence for the quotient 

module X{A) (g) ^(Tr). 

The proof of (ii) is similar. To see that induction starts, notice that by Corol- 
lary and Lemma 1 1.61 we have 

nez TieZ nGZ 

The inductive step is now completed as before. □ 

3.2. Let A e P+. RecaU from H2.1(l that when we regard A'(A) as a U^- 
module, any weight vector u G ^(A) of weight A — 7 can be written uniquely as 
a sum u — X^fe^fc linearly independent elements Ufc G Ar(A)A-7fc-nfcao > where 
7fc £ Q^, '^fe G N and 7^ + rifeao = 7- Denote by degu the maximal value of the 

Given a weight vector v e V(t^\ set ht^(u) :— ht(A7r — wtu). Let w £ ^(A) 
F(7r) be a weight vector and write 

r 

fc=l 

where the u^, are linearly independent weight vectors in A' (A) and the v-^ are weight 
vectors in Vii^). Fix an integer joiw) = jo, 1 < Jo ^ such that the following two 
conditions hold 

degujo > degUj, VI < j < r, (3.1) 
deg Uj„ ^ degu J =^ ht^{vj„) >ht^{vj). (3.2) 

Proposition. Let w = "fc ® ^fc ^(^) ® ^('"') weight vector and let 

jo — joiw) be as above. 

(i) Assume that Vj^ ^ C(g)u7r- T/ien t/iere exists i G I, s > such that 

0^<.w= Y 9r*"^"'^(%-®<.".) + ^, (3.3) 

j : degiij =degUjp, 
ht-,r(«j)=ht„(uj(,) 

where S is a sum of terms of the form u'^ <S) v'j with either deg u'j < deg Uj^ or 
degUj = degUjQ and ht7r(Wj) < htT^{xl',,Vjg). 

(ii) Suppose that degUj^, = 0. Then, for all s ^ i/iere exisi x G U^(^) smc/i f/iai 
a;w = WA O Wtt and ?/ G U^(^) such that yw = ua ^ w^- 

(iii) Suppose that degUjg ~ N. Then, there exists s > and x G Ug(;3>) such that 
xw = WA €5 "^TT and an element y G U^(<c) such that yw — vt^®v^. 
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Proof. Bv l2.2l and ProDOsition l2.7l there exist i G / and s 6 N+ such that xf^Uj = 
for aU j and xf^vj^ ^ 0. Observe that by (|1.2(l . 

^^3)^ ^r*"'^"' ® ^ts^i) + XI ® ""fc 

k 

where \A.^(y'^ < ht^(wj) and degitj, < degUj. It foUows that we can write xf^w 
as in (|3.3() . Notice that the term Uj„ ® Vj„ occurs with a non-zero coefficient on the 
right hand side of (|3.3() and is clearly linearly independent from the other terms in 
this equation. Hence xf^w ^ and (i) is proved. 

To prove (ii), notice that if degUjp = 0, then degUj = for all j and hence 
xuj = for all x € which are homogenous of positive degree. It follows 
from 1)1.2(1 that for aU a; G Uj(>) we have 

xw = X^ Uk XVk- 
k 

Choose k such that htT^ivk) is maximal and x G Uj(3>) such that xvk — v^^. Then 
for all j we have xvj — OjVt^ for some Oj € Ciq)- It follows that xw — u ® for 
some u £ X{K) and degu = 0. Since degw = and X{K) is irreducible it follows 
that u G Uq{g)vA and hence there exists x' G Uqig) nU+ such that x'u = v\ and so 
we get x'xw — va (S) Vt^. Furthermore, there exists y G Uj(<c) such that i/Vt^ — v^. 
It follows that y{vA (8) Wtt) = va(^ Vt^* which completes the proof of (ii). 

We prove (iii) by induction on N. Notice that (ii) proves that induction starts.. 
Consider first the case when Vj^ = oVt^ for some a G C{q)^ . Then we can write 

W = U (E> + w' 

where w' = ■ dcguj<N '^i ® '^i- Choose s > so that xf^u = for all i € I. 
By 1)1. 2|l . xfg{u i;,r) = 0. The induction hypothesis applies to w' and so there 

exists X G U^(:») such that xw' — va® Vt^. It follows that xw — va ® and we 
are done. 

Suppose then that htT^{vjg) = M and that (iii) is established for htTr{vjo) < M. 
By part (i) there exist i G I and s > such that w' = x^^w ^ 0. Furthermore 
write w' = J2j'^'j ^ "^'j ^^^^ ^^^t — jo{w'). Observe that degu^., — degUjg and 
ht7r(wy ) — M — 1. Hence the induction hypothesis on M applies and we conclude 
that there exists x' G (»), s' > s with x{xfjw = va^Vt^. □ 

Corollary. Let W be a non-zero submodule of X{A)(>^V{tt) with A G P dominant. 
Then W contains both va ® o-nd wa ® f ^ . 

Theorem ^ follows immediately from the above Corollary and Proposition 13. II 

4. FILTRATIONS OF M(A) (g) L{V{'7t)) AND X (A) ® L{V{tt)) 

4.1. Let M be a U^-module. 

Definition. We call a collection {Tn}nez of U^-submodules of M a decreasing 
Z-filtration of M if M = J^ugz -^n- ^^'^ -^n 3 ^n+i for all n G Z. We say that the 
filtration {J-n}nez is strictly decreasing if J-n ^ J'n+i for a-U G Z and is trivial if 
— J^n for all TO, n G Z. 
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In this section we prove that for s = 0, • • • , m — 1, the modules M {K) ® L'^ {V {tv)) 
and X{K) ®L^{V{-k)) admit Z-filtrations m\!^ (respectively, xk^^), n e Z, whose 
successive quotients are in the category O and arc isomorphic as U^-modules. We 

prove that 15 A^n+i for all n € Z and that Hnez -^n ^ — We also show that 
the filtration Xn, n € Z is either trivial or strictly decreasing. In the first case we 
prove that this implies that X{A) (E) L''{V{n)) is irreducible and in the second case 

we prove that Plnez '^^'^^ ^ 0. 
4.2. Set m = m(7r). 

Proposition. Let A E P. Given n G Z, let M.n he the JJq-submodule of M{A) (g) 
L{V{7z)) generated by the vectors m\ ® v-i^t™^^'^ , s — 0,...,m — I. Then the 
modules form a Z-filtration of M{A) (^^ L{V{tt)). Moreover, for all n G Z, the 
modules A^„/A^„+i are in the category O and are isomorphic as \J'^-modules. 
Further, if is the suhmodule of X[A)® L{V{'r)) generated by the vectors v\® 
s — 0, ... ,771 — I, then the modules Xn form a Z-filtration of ^(A) (g) 
L{V{tt)). Moreover, for all n G Z the modules Xn/Xn+i are in the category O and 
are isomorphic as \J'^-modules. 

Proof. We prove only the statement for the Verma modules, the proof of the one 
for X{A) being similar. Let tt = (7ri(u))ig/, where 'Ki{u) = J2k ''^i^ku'^ G By 
the choice of m, there exists ? G / such that 7r,i^,„ ^ 0. Then Pi^mV-K — ''^i,mV-K and so 
P,,„,(mA®i'^i™+") = mA® (^,,„,i-^)i"("+i)+^- by Therefore, Mn 2 Mn+i- 

To show that Mn/ J^n+i is in the category O, it suffices to prove that the 
subspaces U^{m\ (g) v^^t™'^^'^), s = 0, . . . , m — 1 of A4n are finite-dimensional mod- 
ulo A4n+i- Equivalcntly, it is sufficient to prove that the subspace XJ'^ {vT^t™") is 
finite-dimensional modulo the subspace U+(u^i™("+^^). Now, by Proposition ll.51 

U+(i-^f"") C U°(<)U°(0)(z;^f"") = UO(«)t;^f"" (mod U+z;^f"("+i)) 

since Pi^rV-K — unless r is divisible by m. Since V{t^) is finite dimensional, 
by Lemma 12.71 there exist homogeneous Xi, . . . ,Xm G U^(^) for some r > 
such that XiVt^, . . . ,Xi^Vt^ form a basis of V{-k). Let x G U°(^). Then there 
exist aj G C[q), j — 1, . . . , N such that 

N 

xVtt = ajXjVT^. 

We may assume that x is homogeneous of degree k. Then xvt^ G ^(Tr)'^'^^ and 
so Oj = unless degXj — k (mod m) by Lemma 12.91 Then we can write 

N N 

a;(w^i"") = (a;w^)t™"+'= = ( ^ ajXji;^)t""'+'^' = ^ ajXj(w^f™+'=-'^'=s-Y^ )^ 

i=i J=i 
the only non-zero terms being those with degXj = k (mod to). It follows that 
2;(w^i"") = (mod lJ+(v^t'"("+i))) if k is sufhciently large. Therefore, the di- 
mension of U+(ti7rt"'") (mod U+(w7ri™^"'''^'')) is bounded above by the dimension 
of the subspace of U°(^) spanned by homogeneous elements whose degree does not 
exceed maxj{degXj}. Evidently, such a subspace of U°(^) is finite-dimensional. 
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To prove that Mn/ Mn+i — Mn-i/ M.n as a UJ^-module for all n, consider the 
map 

M(A) O L{V{tz)) — >M(A) (8> L{V{-k)) 

for all V e M(A), w G V{'k) and fc S Z. This is obviously a map of Ug-modules (but, 

of course, not Uq-modules) which takes Al„ isomorphically onto AAn+i- Moreover, 
this operation corresponds to tensoring M.^ with the 1-dimensional highest weight 
integrable module X{m5). Thus we have A4„ = M.n+i <8> X{—m5) and so in fact 
M-n/ M-n+i is isomorphic to (A1„_i0X(m^))/(A1„(E)X(m5)) as a Ug-module. □ 

4.3. For ,s = 0, • • • , m — 1, let Mn'^ (rcsp. Xn'^ be the U — g-submodule of 
M (A) ® L{V{tt)) (respectively, of X(A) ® L{V(ti))) generated by ttia v.„V^''+^ 
(respectively, by wa ® WTri™"^"). 

Lemma. For all n ^ Z, we have 

m—l 
s=0 

and 

A^W =M„n (M(A) ® L'{V{n))). 
Further, the Mn \ n G Z form a decreasing filtration of M{K) L^{V{tt)), s = 

is'] 

0, • • • , m — 1 . Analogous statements hold for Xn . 

Proof. This follows immediately from the trivial observation that for any Uf,- 
modulc M we have M ® L(V(7r)) = ©^"q^ M ® UiVin)). □ 

4.4. Fix an ordered basis of ^(Tr) of weight vectors vq = v-,^, vi,. . . ,vn = 
such that htTr{vi) < ht^(wt+i) for all i = 0, ...,A'^ — 1. Furthermore, we may 

assume, without loss of generality, that Vj G V{'kY'^^^ for some < fcj < m — 1. It 
is clear that FiVj is a linear combination of Vji with j' > j li i & I and with f < 
j if i = 0. Let M^n^ be the W~-submodule of M(A) (g) L{V{'!t)) generated by 

the set {m\ iX" Vjt^ : r > mn + s, j = 0. . . . . N, r — s — kj (mod m)} and set 
J27=o^ -^n = -Mn- Similarly, let xi'^ be the W^-submodule of X{A) ® L%V{tv)) 
generated by the set {vj^ ® Vjf' : r > mn + s, j = 0, . . . , N, r = s — kj (mod to)}. 

Lemma. For < s < to — 1, and n ^ Z, we have 

Mi'^cMl:\ Xi'''>cXi^\ 

Proof. Immediate. □ 

4.5. The following proposition plays a crucial role in the reminder of the paper. 

Proposition, (i) Let v G V{tv), n G N and suppose that there exist elements 
Xj^r e (U~)+, r>0,j = 0,...,N such that in M(A) (g) L{V{7r)) we have, 

N 

toa i8)ui" = ^^Xj,r(TOA ® t'ji'^). (4.1) 

j—O r>n 

Then v = 0. 
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(ii) Let w G M(A) (g) L{V{tt)), w ^ 0. Then there exists n e Z such that w ^ 

(iii) Let v £ V{tt) and suppose that there exist elements Xj^r G (U~) + , r > 0, 
j = 0, . . . , N such that in X{A) L{V{n)) we have, 

N 

WA (gi-yi" = ^^Xj,r(rnA ® -y^f). (4.2) 

j—O r>n 

Let R be the maximal r > n such that there exists < j < N with Xj^r{vA ® 
Vjt^) ^ and let Jq be the minimal j such that Xj^ji{vA O Vjt^) ^ 0. Then 
Xjg^R e Ann^- VA- 

Proof. To prove (i), suppose for a contradiction that v 0. Let R be the max- 
imal r > n such that there exists j with Xj^r{mA ® Vjf) ^ and let jo be the 
minimal < j < such that Xj^j^{mA eg) Vjt^) ^ 0. Then Xj„,fj{m\ ® Vj^t^) 
contains a term c{Xj^^iimA)®Vjf^t^ for some c £ C{q)^ . Since A(U^) C ®Uq , 
it follows that all other elements in (|4.1|l are terms of the form m' ® VjiV where 
either r < R or r — R and j' > jo- li R > n, then this forces ^jo,fl G Ann^- ruA 
and hence Xj^^fi — which is a contradiction. U R = n, then H4.1() reduces to 

N 

mA (g) Wt" = ^ Xj^n{mA ® Vjt'^). 

j=o 

Let k = ^{j : „(toa ® "^ji") 0}- If fc = then we are done. Suppose 
that k = 1. Then toa <i5vt" — Xj,n{mA ^Vjt"^) for some < j < N. If Xj ^toa 
then Xj^„(mA(S)wt") G ®-ygg+\{o} (A)A-7<8)i(l^(7r)) which is clearly impossible. 
Hence Xj^n^K = and we get a contradiction. Suppose then that we have proved 
that either fc = or fc > s for some s G N+. If fc = s and Xj^^„(mA ® vP^) ^ 
for some < ji < • • • < < A^. If Xj^^nmh 7^ for any jV, then again the 
right hand side of H4.1|l is contained in 07gQ+\{o} -^(^)a-7 ® -^(^(^)) which is 
a contradiction. Thus fc = or fc > s. Since V^(7r) is finite-dimensional it follows 
that A; = and we are done. 

To prove (ii), write w ~ ® '^3'^^^ ^ where ruj G M(A), Wj G V{tv) and 

rj G Z. Let uq — max{rj : 1 < j < s} and suppose that w G Ain for some n > no- 
This means that we can write 

N 

W = Xj^r{'niA ® Vjt^) 

j—O r>n 

for some choice of Xj^r £ U^" . But now arguing exactly as in the R> n case of (i) , 
we see that w = which is a contradiction. 

The proof of (iii) is an obvious modification of the argument in (i). □ 

4.6. 

Proposition. The Z-filtration xlf^ of M(A) L^iVin)), s = 0, . . . ,to - 1 is 

strictly decreasing and Plnez-^"^ ^ 

Proof. In view of ProDOsition l4.2l for the first statement it is sufficient to prove that 
Mq^^ ^ M^-l^ . Assume for a contradiction that m\^^ = A^i^"*. Then mA ® v-^V" G 
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M\"'' and hence it follows from Lemma [4.41 that there exist Xj^r G such that 

N 

TTiA (g) uo*^ = X! X! Xj^rirriA^Vjt''). (4.3) 

J— r>ni-\-s 

Since Xj^r G (U~)+ we get a contradiction by Proposition 14. 5r i') . 

Furthermore, let w G PlneN-^"^- If w ^ 0, then by Proposition I4.5r ii') we can 
choose no S Z such that w ^ Mno contradicting Mno C Mno- O 

4.7. To analyse the filtration on X{A) ® L{V{tv)), A G P+, we need the fol- 
lowing analogue of Proposition 13. 21 

Proposition. Let w — J2k=i "fc ® ^kt'^'' G -'^(A) (g) L(y(7r)) 6e a weight vector 
and let jo = Jo('*i') &e f/ie integer associated with the element ® "^k G 

X(A) (g y(7r) as in\S3 

(i) Assume that Vj„ =/= v^^. There exists i G /, s > such that 

0^xlw= qT^''^''^\u,®xtv,f'+^) + S, (4.4) 

j : deg Uj =dcg Mjf, , 
ht,r(-"3)=ht„(-U3(,) 

where S is a sum of terms of the form u'j (g Vjt^i where either deg u'j < deg Uj^ 
or deg u'j = deg Uj^ and htT^{v'j) < ht^(Xj^j,WjQ). 

(ii) Suppose that deg Ujg = 0. Then rj = R for all j for some i? G N. Furthermore, 
for all s ^ there exists x G U*(S>) and an integer L such that xw = UAgiVTr^^ 
and an element y G U*(^) and an integer L' such that yw = va ^ ^^^^^ ■ 

(iii) Suppose that degUj„ ~ N. Then there exists s > and x G U^(3>) and an 
integer S such that xw = VA^VT^t^ and an element y G U^(^) and an integer 
S' such that yw = va ^ v!^t^ . 

Proof. The first statement in part (ii) is an obvious consequence of the fact that 
w is a weight vector. The proposition is now proved in exactly the same way 
as Proposition 13 . 21 and we omit the details. □ 

Corollary. Let W be a non-zero suhmodule of X{A) (g) L{V{tt)) with A G P domi- 
nant. Then W contains va (g i'tt^" for some s G Z and va ® v^t^ for some r G Z. 

4.8. We note the following consequence of Corollarv l4.7l 

Proposition. The Z-filtration ^ ofX{A)(^L'^{V{7r)), s — 0, . . . ,m—l is either 

(i) trivial and A'(A) g) L'^{V{tt)) is irreducible, or 

(ii) strictly decreasing and 

n -^i^^ = 0- 

nez 

Proof. Suppose that A"//-* = Xm^ for some m > rt G Z. Then Xn'^'' = xj-^''^^ and it 

follows from Proposition 14.21 that Xm — Xn for all m, n G Z. This proves that 
the filtration is either trivial or strictly decreasing. 

Let 14^ be a non-zero submodule of X{A) (g L''{V{tv)). By CoroUarv 14.71 va (g 
G W for some r G Z and so Xr C W. If the filtration is trivial, then 
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this implies that C W for aU n G Z. It foUows from Proposition 13. iT ii) that 
W = X{A) L^Vin) and (i) is proved. 

Suppose that the filtration is strictly decreasing and set W = HnGZ • ^^P" 
pose that W 0. Then it follows from Corollary O that da <S) v^t"^''+'' G W for 
some r € Z and hence X^"'^ C W. Then xl"'^ C and so X^"^ = X^.^ which is 

a contradiction whence (ii). □ 

4.9. The results of this section allow us to complete the tensor products X{K)® 
L(V(7r)) and M(A) ® L{V{'k)). We restrict ourselves to the first case, the second 
one being similar. Let A G P and suppose that the filtration , r G Z is 
strictly decreasing. Let X{K)®L''{V{-k)) be the completion of X{K) ® L''{V{t^)) 

(s) 

with respect to the topology induced by the filtration Xr . It is well-known that 
then there exists a canonical map cj^x ■ ^i^) ^ L^{V{-k)) — > X{A)^L^{V{-k)) 

and ker^A- = Hrez^r'^ = by Proposition Olii). Therefore, X{A) ® L"(T/(7r)) 
embeds into the completion. On the other hand, 

X(A)§L^(F(7r)) = hm(X(A) ® L%V (tv))) / X^l 

Furthermore, let A'i"'' be the completion of Xn'^\ 

X^"'^ = limX'-'''^ /X^^^ 

Then Xi'^ is a Z-filtration on X(A)SL(F(7r)) and A;l"V<^i+i = '^«''V'?i+i and so 
the associated graded space of X(A) ^L'^(V{tt)) with respect to the filtration xjf'^ 
is isomorphic to the associated graded space of X{A)(^L{V{tt)) with respect to the 
filtration xi"\ One also has {X{A)^L{V{Tv)))/Xa = {X{A) ® L{V{n)))/Xn. 

5. An irreducibility criterion for A'(A) ® L(y(7r)) 

In this section we establish a sufficient condition for the simplicity of the Ug- 
modules X(A) L^(y(7r)), s = 0, . . . , m{TT) - 1, A G P+. 

Theorem 2. Let A G and let tt ~ (Tri{u))i^j be an £-tuple of polynomials with 
constant term 1. Suppose that either 

(fc(7r) + m(7r))(A, S) < {A + X„,a^), 
for some i G / satisfies fc(7r) = dim F(7r)A^-a; or 

fc(7r)(A,(5) < -{A + WoX-K,m), 

for some i G / satisfying fc(7r) — dimV{'!T)wa\„+ai- For all s = 0, • • • , rn — 1, the 
filtration , n G Z of X(A) ® L''{vk) is trivial and hence X(A) ® ^(^(Tr)) is an 
irreducible U^-module. 

Proof. It suffices by Proposition 14.81 to show that the filtration is trivial. Let 7r° 
be as defined in 12.91 and set k = fc(7T"), clearly fc(7r) = mk. Fix z G / so that 
fc(7r) = dim F(7r)A^_Qi . By Lemma [2.41 
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for some a,- G C{q), r = 1, . . . , mk. Applying we see that 

mk 

mk 
r=l 

which proves that ^^^^^(^.^-^^(wA'X'w^i™"^'') is contained in X^^^^- Consider the sub- 
algebra of TJg generated hy E ^ ^Zm{k+i)^ ^ ^ ^t,~m(k+i) ^ = C'^ik+i) j^-i 
which is isomorphic to t/g. (s[2) with standard generators E,F,K^^. Note that in 
<^'«'V<^i+i we have 

2;^T™(fc+l)(«A ® = 0, K{VA ® = g[(«A ® 1^.^'""+^) = 0, 

where diV = ■m{k + 1)(A, (5) — (A + \T^,ai) < 0. Since xji''^ / xjf_^^ is an integrable 
module for Ug and hence. for this copy of Ug. (5I2). But this forces 

VA ® v^t""'+' e Xa+i n X{A) L^(F(7r)) - 

and so A-i"^ = 

The second assertion is proved similarly. We work with the elements va <8) 
y*frnn+s g^j^j xf^i. and we omit the details. □ 

' ■ L J Til Ki 

6. A REDUCIBILITY CRITERION FOR A(A) ® L{V (■n)) 

In this section we analyse the structure of X{K) L{V{-k)) and give a sufficient 
condition for the tensor product to be reducible. 

Theorem 3. Let A G P be dominant and suppose that (A, (5) > (A + X-k){9'^) + 
m{'K) or, equivalently, A(ag) > A^(6'^) + m{Tv). Then the modules A(A) 
^"(1^(77)), s = 0, . . . , m(7r) — 1 are reducible. 

The theorem is proved in the rst of the section. 

6.1. 

Lemma. Let K he a dominant weight. Take v G V{7t). Then 

Ai + l 

F,'''+\vA(^$vt-) = J2 ckFt^'-\vA ® 

fe=l 

where Ck G C(g). 

Proof. Recall that F^^'+^a = 0. One has 

F,^'+\vA ® vt"-) = F/^'(ciF,WA ® + VA ® {F,v)t^-^'^"), 

The second term has the desired form. If A^ = then the first term equals zero 
and we are done. Otherwise, we can write 

F^^{F,VA ® vf) = F^^^-\c'F^VA ® + F,VA «> F,vt''~^''°)- 

Clearly, the element FiVA^Fivt^~^^-° is a linear combination of Fi{vA®{Fiv)t^~^^-°) 
and VA O {F^v)t^~^^'--" which are both of the required form. 
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Now suppose that, for all = 1, . . . , s — 1, we can write F^'-^^ {F^vj\®vt'^) as a 
linear combination of terms which have the required form and ^^^{F^^^va®vV). 
Then 

pK,+i-s^ps^^ vf ) = F^^-'{Fl+\p, ® vf + F^VA ® F.vf'^''")- 

Now, the second term can be written as a linear combination of terms which have 
the required form by the induction hypothesis. Hence we can repeat the process 
until we get to s = A; in which case -F/^^ annihilates v\ and we are done. □ 

6.2. Set m = m{Tv). By PropositionOl the module X{A) ® L%V{tv)) admits 
a Z-filtration xjf^ — XJq{v\ Let vq,...,vn be the basis of V{7v) 
introduced in 14.41 

Lemma. Let v G V{tv), s, n £ N. Suppose that there exists i? £ N and Xj,r £ 
j — 0, ... , N , n + s < r < R such that 

N R 

WA Wt" = ^ ^ Xj^r{vA Vjf^). (6.1) 
J—0 r— n+s 

Let Rq be the minimal value of R for which such an expression exists. Then Rq < 

Proof. Assume for a contradiction that Rq > A7r(6'^) + n + s. Let jo be min- 
imal such that Xjg,iig{vA ® Vjgt^°) 7^ 0. By Proposition I4.5r ii') and Proposi- 
tion l2.2r ii) -'fjo-flo ~ J^ieiVi^i^'^^ f^'^'' some yi £ U^. If i £ /, then by Lemma 
y.F^^^^(vA ® Vjgt^") is a linear combination of the elements yiF^'^'^^^ {va ^ 
Fj'vjgt^), k — l,---,Ai + l. But these terms are all of the form Xj, n^ivA ^ 
Vj't^°) with j' > jo and Xj, £ U^". By Lemma [6.11 andlLemma [2.61 we con- 
clude that yoFQ"^^{vA Vjgt^°) is a linear combination of terms of the form 
yQF^"+'^^''{vx ® F^Vj„t'^°''') where 1 < fc < min{Ao + 1, A^(6l'^)}. Observe that 
Ro — k > Rq ~ A,r(^'^) > n + s. Thus, we have obtained another expression 
of the form (|6.1|l where either R < Rq or R = Rq and the minimal value of j 
such that Xj^fig{vA ^ Vjt^°) / is strictly greater than jo- The former situa- 
tion cannot occur by the choice of Rq. On the other hand, since V{7r) is finite- 
dimensional, using the above argument repeatedly we must eventually reach a stage 
where n + s < R < Rq which is a contradiction. □ 

6.3. Theorem |31 is an immediate consequence of the following 

Proposition. Suppose that A(aQ ) > At^{9'^) + m — 1. Then the Z-filtration Xn^'^ 
on X{A) L'^(V{tt)) is strictly decreasing. 

Proof. Assume for a contradiction that Xq'^^ = X^'^K Then, as in Proposition 
we can write 

_R N 

VA ® VQt" = X! X! ^3,r{vA <8) Vjf), (6.2) 
r—rn-\-s j—0 

for some R > m+s and Xj^r £ (U^)+ with Xj,ii{vA®Vjt^') / for some < j < N . 

Assume that R is minimal such that the expression of the form H6.2|l exists. 
Then m + s < R < A7r(0^) + to -I- s by Lemma [6.21 Furthermore, let jo be the 
minimal value of j, such that Xjg^ji{vA Vjt^) ^ 0. Then by Proposition ^3Jii) 
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and Proposition Eaii), X^^.m = E^eIy^P^^'^^ some yi G . Furthermore, 
Xjgji is of weight — (i? — s)6 + wtvo — wtvj G —{R — s)aQ + Q^. On the other 
hand, the weight of i/qF^"^^ is contained in the set — (Aq + l)ao — Q^. Since 
R - s < A^(6'^) + m < Aq + 1 we conclude that yoF^°'^^{vA (g) v^t^) = 0. It 
follows that Xj^^r{vk ® vjt") = Y^i^iViF^^^i'^f^ ® Vjt^). Thus, by Lemma lO 
A"jo.fl(wA ® Vjt^) is a linear combination of terms of the form Xji,ji{vA "X) Vj't^) 
with j' > j. Since V{tt) is finite-dimensional, repeating this process we obtain an 
expression of the form l(j.2|l with Xj ji{vfi^ eg) Vjt^) = for all < j < TV which 
contradicts the minimality of R. □ 



7. Structure of Xn/^n+i in some special cases. 

In this section we analyse the quotient modules Xn/'^n+i in the special case 
when g is of type Ae, Bg, Cg, Dg and V{Tr) is isomorphic as a f7q(0)-module to the 
natural representation of Uq{Q). 

7.1. Assume that the nodes of the Dynkin diagram of g are numbered as in 
§4.8]. Then V{zui) is the natural representation of Ug(g) and for the rest of 
the section we set -07 = 1171. Moreover, it is known (cf. say ^) that if we define an 
£-tuple of polynomials = {ni{u))i^i by ni{u) = (5i,i(l — u), then V{-cj) = V{w) 
as t/g(g)-modules. 

Lemma. We have dimy(i::7)^ = 1 for all ji G Vl{V{'Cj)) and hence k{ixi) = 1. 
Moreover, for all v G V{'Uj), i G /, 



Efv=0 = F?v 



if Q is of type Ag,Ci or Dg, and 



F- • V = vi = t - V 



if Q is of type Bg. 



Proof. To prove the first statement, it is enough to note that by [52] the corre- 
sponding statements hold for the U,j(0)-module V{vu). If i G /, then the sec- 
ond statements also follow for the same reason. If i = 0, then the result follows 
from Lemma [2.61 □ 

Notice that the conditions of Thcorem|21are not satisfied for the module L{V{'c^7)) 
and A G which is not a multiple of 5. Indeed, the first condition of Theorem [3 
reads 2{A,S) < (A,ai) -I- 1 or, equivalently, (A, (5 — ai) + (A, (5) < 1 which is a 
contradiction unless A G Z(5. On the other hand, WoTUi — ~Wr' for some r' ^ I and 
so the second condition of Theorem|21yields (A, 5) + (A, a^') < 1 which is impossible 
if A ^ Z6. 

Recall the function n : V{tv) N defined in Section |2 Since the weight spaces 
of V{u7) are one-dimensional, it is convenient to think of this as a function from 
il{V{u7)) — + N. We continue to denote this function by n. 

The main result of this section is the following 

Theorem 4. Let A G P^ and assume that A is not a multiple of S. Then the 
filtration Xn on X{A) (g) L{V{'U7)) is strictly decreasing. Further, 
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(i) suppose that g is of type Ae, Ce or Dg. Then, 

X„/Xn+i^ X{A + ^i+{n + ni^l))6), 

where ^Aizu) = G n{V{-c^)) : A + /i e P+}. 

(ii) If is of type Be, set 



riA(-c^) 

Then 



" \{fien{V{^))\{0} : A + fieP+}, A(ay)=0. 
Xn/X^+i^ X(A + M+(n + n(M))'5)- 



We prove this theorem in the rest of the section. By Proposition 14 . 21 it is enough 
to consider the case n = 0. 

7.2. We wiU need the following 

Lemma. Suppose that there exist a sequence of integrable Uq-modules Vo ^ Vi 3 
• ■ ■ ^ such that Vq/Vk is a module in the category O and either Vi — V^+i 
or Vi/Vi+i ^ X{fj,i) for some G P"*". Set J ^ {0 < i < K : Vi ^ H+i} and 
suppose that J is not empty. Then Vq/Vk — ^ifJ-i)- 

Proof. We argue by induction on the cardinality of J. Suppose first that J — {i} 
for some < i < K. Then 

Va- = • • ■ = V,+i C H = V,-i = • • ■ = Vo 

and so Vo/Vk = H/V,+i ^ X{ti,). 

If the cardinality of J is greater than 1, let ii be the minimal element of J, that 
is. Vii = Vij_i = • ■ • = Vo and V^^+i C Vi^. Then we have the following short 
exact sequence 

V,,+i/Vk Vo/Vk Vo/H^+i 0. 

All modules involved are in the category O and integrable. Therefore, this short 
exact sequence splits and so Vq/Vk = Vo/Vi^+i © Vi^+i/VK = © Vi^+i/VK- 

The lemma follows by applying the induction hypothesis to the sequence Vk C 
•••CV.,+1. ' □ 

7.3. Let g be of type Ai and let vq be a highest weight vector in V{'cu). Set 
wo = vo, wi^EqWq, Wj ^ Ei_j+2Wj-i, 2<j<i+l. 

Then we+i — wq and the elements Wj, < j < £ form a basis of the U^- 
module V{z^). Set F^+i = Fq. It is easy to see that 

EjWi = (5j,f_i+iw,+i, FjWi+i = S.j,i^i+iWi, 3^1, < j < 

and n{wj) = 1 — dj,o. The elements Wjf^, < j < n e Z, form a basis of the 
Ug-module L{V{tt)) and we have 

Define Xn,j = Ug(wA ® 0<j<i+l. Then X.n,e+i = Xn+i,o. 
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Lemma, (i) For all n £ Z, we have 
Further, Xn,j 2 -^"j+i ifnplies 

'^nj/'^nj + l — -'^(A + Wt + (n + 1 - 5jfi)5). 

(ii) For all i £ 1 , < j < I, we have 

/or some G C(g)^ . 

Proof. Part (i) is immediate from H7.1|) . Part (ii) follows from l|7.1|l as well by 
applying Lemma r6.1l and Lemma [7. II □ 

Applying Lemma l7.2l we conclude that 

A'„/A'„+i= X(A + wt Wj + {n + n{wj))5). 

Thus, in this case Theorem 0] is equivalent to the following 

Proposition. For all < j < £, Xo,j — Ab.j+i if and only if A^-j+i — 0, where 
Ae+i = Ao. 

Proof. If Ai-j+i — 0, then e Ann^- va by Proposition 12 . 2r ii) . Therefore, 

by (ii) of the above Lemma, va ® Wjt^~^''° = cFe^j+i{vA ^ Wj+it) for some c G 
C{q)^ and we are done. 

For the converse, suppose that VA^Wjt^^^^ " G Ab.j+i. It follows from (|7.1|1 that 
we can write, 

e+i R £ 

VAdiWjf-^'-"^ ^ Y^{vA(Sw^t) + ^^Xj,r{vA<»Wjt''). (7.2) 

i=j + l r=2j=0 

for some , ATj^^ G U~ . We first prove that there exists an expression of the 
above form in which the second term is zero. Indeed, suppose that the second 
term in the right hand side is always non-zero and let R be minimal such that an 
expression of the form (|7.2|) exists. Let jo be such that Xjg^ii{vA <E) Wjgt^) ^ and 
assume that -cu — wt Wjg is minimal with this property. Then by Proposition 14.51 
Xjg^R e Anuy- VA, say Xj^^r = J^ieiVi^^'^^ ^'^^ '^ome yi eV^. If jo = 1, then it 
follows from Lemma [7. 31 that 

XjoM^A ® wj„t^) = yoF^°{vA ® WQt^-^) 

Since this is impossible by the choice of R we get jo > 1- But then Lemma [7.31 
implies that we get another expression of the form H7.2|) with the minimal value 
of tn — wt Wj strictly greater than tu — wt Wj^ . Repeating, we eventually ob- 
tain an expression of the form H7.2|) where the minimal value of nj — wt Wj such 
that Xj^ii{vA <8i Wjt^) 7^ is attained for j = 1 which is a contradiction. 
Thus, we can write 

i+i 

VA «) Wjt^'^^-" = Y,{vA ® Wit). (7.3) 
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Let io > j be maximal such that an expression of the above from exists and 
Yig{vA ® Wiot) 7^ 0. Then m — wtvi^ is minimal with this property since io > 
0. Hence Yi^ e Ann^- va by Proposition 14.51 If io — j + 1, then Ij+i is of 
weight — It follows that Ij+i — a_Fi_j_|_i for some a e C{q)^ . Thus, 
Fe-j+i G Ann^- v\ whence A^-j+i =0. If io > j + 1, then Yi^ is of weight 
— (a£_io+i + • ■ • + a^-j+i). Since FjWig = unless j = £ — io + 2, we conclude 
that Y,^{vA i8) Wigt) = yFe^,g+2{vA ® WioO and Af_io+2 = 0. Thus, we get an 
expression of the form (|7.3(l where the maximal i > j such that Yi{vA <S) Wit) 7^ is 
at most io — 1. Repeating the argument, we get to the case io = j + I which has 
already been considered. □ 

7.4. Suppose that g is of type Cf . Then n(-c^7) = 1. Let vo be a highest weight 
vector of V{vu) and set 

Wo = Vo, 

Wj — Ej^iWj^i, 1 < J < ^ + 1 

wt+j+i = Ei^jWi+j, I < j < e - 1- 

Then Wq, . . . , W2i-i form a basis of y(-n7), W2£ = wq and n{wj) = 1— (5j o- Set Xn.j = 
VqivA (E) < j < 2£. In particular, X„,2i = Xn+i^Q. Then, as in the 

case considered in 17.31 Theorem 0] is equivalent to the following 

Proposition. For < j < £, Xoj = -^oj+i */ and only if Aj — 0. Similarly, for 
1 < j < - 1, ^a,i+3 = -^oz+i+i if and only if At-j = 0. 

The proof repeats that of Proposition 17 .31 with the obvious changes of notations 
and we omit the details. 

7.5. Let Q be of type Bp. In this case the situation is somewhat more compli- 
cated since n{pj) = 2. Let vo be a highest weight vector of V{'c^7) and set 

Wo = Wo, wi = Eowo, 

Wj — EjWj^i, 2 < j < £ 

wi+j+i = Ei^jwe+j, < j <£-2 

W2£ = E0W2I-I 

Then wo, ■ ■ ■ , W2e form a basis of ^(■ccr). Set W2e+i — wq. We also have 
FiWo = 6i,iaoW2e-i, FiWi = 5i^iaiW2i + 5t,oWo, 
FiWj = SijWj-i, 2<j<£ 
FiWi+j+i = Si^i-jWi+j, < j < £ - 2 

FiW2e = Si^QW2e-i 

One can easily check that n{wj) = 1 — Sj.o + Sj^2e- Define Xn.j = lJq{vA <8i 
^_^.^n+nK))^ j = 0,...,21 

We have the following analog of Lemma 

Lemma, (i) For all n £ Z, we have 

Furthermore, Xn.j 2 -^nj+i; < J < 2i? — 2 implies 

Xn,j / Xnj+i = X{A + wtWj + {n + n{wj))5). 
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Similarly, Xn,2e-i 2 -^^1,21 + Xn+1,1 implies 

X„^2i-i/iXn,2£ + - A:(A + wtu;2£_i + {n + niw2i-i))S), 

whilst Xn^2i + Xn+ifl 2 '^n+i,Q implies 

{Xn,2t + <^n+l,o)/'Y«+l,l = -'^(A + wt W21 + {n + n{w2t))5). 
(ii) For all i ^ I , we have 
F^^'+\vA®won = aoS,,iF^^^ivA®W2i-in, 

F^^+\vA <E> = ai^.,iF^(i;A ® W2i-in + S.^oFl'^ivA <E> wot^~'), 

F,^'^\vA (E> Wje) = Sr^jF^^ [vA ® Wj.ir), 2<j<£ 

F,^'^\vA (E> Wi+j+it") = S,^t^_jF^^'{vA ® we+^r) + 6j^oS^,^F^^''\vA ® Wf-i^"), 

0<j<i-2 

Ft'^\vA®W2in = 5,^oF^^{vA®W2t^ie~^). 
Thus, Theorem 0] reduces to the following 
Proposition. 

■^0,0 = Xq,i *^==^ Ao = 

^oj-i = ^oj ^ Aj = 0, 2 < J < f , 

Xq,i+j+i = ;fo,£+j ^ A^_j =0, < J < ^ - 2, 

■^0,2^-1 = <^o,2f + Xifl Ao = or Ai = 0, 
Xq^21 + Xixi = Xixi Ai = 0. 

Proof. The only if direction follows in all cases from Proposition 12. 2^ 11 and the 
formulae in (ii) of the above Lemma. 

For the converse, we consider three separate cases. 

Case 1. XQ,j = X^)j+i, < j < 2£ - 1. 

We can write 

2<'-l R 21 

VA®Wjt^^^^'"= ^ Yi{vA®Wi)+Y2e+l{vA®W2e+lt) + ^^Xi^rivA®Wit''). 
i=j+l r=2 i=0 

Arguing exactly as in Proposition 17.31 but using Lemma f7.5l instead, we conclude 
that there exists an expression of the form 

2£-l 

vx ® Wjf~^^-° = Yi{vA ® Wit) + Y2e+i{vA ® W2e+it). (7.4) 
i=j+i 

Let io > j be maximal such that an expression of the above from exists and Yig {va ® 
Wigt) ^ 0. Then w — wtvi^ is minimal with this property since io > 0- Hence 
Yig e Ann^f- va by Proposition 14.51 If io = j + 1, then Yj+i is of weight — aj+i 
if 2 < j < £ and of weight —a2£-j+i if j > 1. It follows that Yj+i = aFj+i 
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(respectively, ai^2£-j+i) for some a G C{q)^ and hence Aj+i = (respectively, 
^2i-j+i — 0). Suppose that io > j + 1 and set 

(io, 2<io<£ 
k=l2£^io + l, l<iQ<2l~\ 

Then FiWi^^ = unless i = k. Therefore, Yi^{vA (8) Wi„t) = y-F^''^^ (wa Wioi) for 
some y G U~. Using Lemma f6. II and the formulae in Lemma FT-Sr ii) we obtain an 
expression of the form (|7.4|l where the maximal i > j such that Yi{vA ® Wit) ^ 
is at most — 1 if io < 2^ — 1 and at most 2£ — 1 \i ^ 21 -\- 1. Repeating this 
argument we reduce to the case io = i + 1 which has already been considered. 

Case 2. Xq^21~i = '^oae + '^1,0 

In this case we should prove that either Ao = or Ai = 0. Suppose that there 
exists an expression, 

R 21 

VA (g) W2l-lt = Y{VA ® Wot) + Xj,r(wA <E) Wif). 

r=2 1=0 

Using Lemma I7. 51 we see that as usual there must exist an expression of the form, 

VK ® W2l-lt = 1^1 (UA ® Wot) + Y2{v\ (g) W2lt^), 

for some 1^1,1^2 G U~. If Y2{vj^ ® W2it^) 7^ 0, then by Proposition 14. 51 we get that 
I2 G Anuf,- wa- On the other hand since wtw2i-it — wtw2it^ — — aoj we see 
that Y2 = aFo e Ann^- v\ for some a G C{q)^ . Hence Aq = and we are done. 
Otherwise l2(^'A ^ W2e.t^) = and then Yi E Ann^^- v\. Again since Yi has weight 
—ai, it follows that Ai = and the proof of case 2 is complete. 

Case 3. Xo,2f + -^i.o = ^i,o- 
In this case we can write 

2£-l R 21 

VA (g) W2et'^ = ^ Yi{vA ® w^t^) + F2<'+i(^'A ® W2e+it^) + X! X! ^^■'■(^a ® w^f), 

for some Yi^Xt^r G U^. Observe first that Yo G must be of weight wtw2et'^ — 
wt Wot G ao — ^ —Q^. Thus, Yo = 0. Furthermore, using Lemma l7.5l we can 
reduce the above expression to 

2£-l 

VA (g W2lt'^ = ^ Yi{vA <E) Wii^) + Y2t+l{vA (g W2t+lt^)- (7.5) 
i=l 

Let io be maximal i such that Yi{vA ® Wit^) 7^ 0. Then w — "wtvig < zui — wtvi 
for all i < io, i 2£ and so Yi^ G Ann^- va by Proposition 14.51 Suppose first 

that io ~ 1. Then Yi^ is of weight —ai and so Yi^ — aFi for some a G C(q)^ . 
Then Ai = by Proposition 12 . 2i u] . To complete the proof, it remains to observe 
that the case io > 1 can be reduced to the case io = 1 by an argument similar to 
the one in Case 1. □ 
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7.6. Finally, let q be of type De, £ > i. In this case we also have n{v^) = 2. 
Define 

Wo = Wo, Wi = EqWq, 

Wj — EjWj-i, 2 < j < ^ — 1 

wi+i = Eiwg^i ^ Ei^iwi, 

Wi+j ^ Ei-jWi+j-i, 2<j<^-2 

W2e-i = EQW2e-2- 

Then wq, ■ ■ ■ ,W2e~i form a basis of V{zu). One can easily check that n{wj) — 
1 - (5j,o + <5j,2£-i- Define A;,^ = Vq{vA «) w^r+^t""^)), j = 0, . . . , 2^ - 1. Then 

Theorem 0] is thus equivalent to the following 
Proposition. 

Xo.e-2 — ^0,1-1 + -^0,1 < 
Xo,e-i — ^0,1+1 < 
'^0,1 = '^o,e+i < 

'^0,1+j-l = ^0,l+j ^ 
'^0,2£-2 = ^0,21-1 + Xi Q < 

Xo.2e-i + ^1,0 — ^1,0 < 

The proof is similar to that of Proposition 17.51 with the obvious changes in 
notations. 

Remark. It is known (cf. for example |2S1) that the modules L{V{'c^7)) considered 
in l7.^^|[71^ admit crystal bases which in turn admit a simple realization in the frame- 
work of Littclmann's path model. Let t3{zu) (respectively, B{A)) be a subcrystal 
of Littclmann's path crystal isomorphic to a crystal basis of L{V{zu)). Then the 
concatenation product B{A) ® B{vLr) contains a subcrystal which is a disjoint union 
of indecomposable crystals isomorphic to B{A + wt5), where b runs over the set 
of A-dominant elements in B{zu). For the special cases considered above the two are 
actually isomorphic (this is proven for the type Ai in jl4j . but the argument given 
where remains valid for the modules considered in 17.41 and 17.61 and can be easily 
modified for the module considered in l7.5|l . Moreover, one can check that there is a 
bijection between the set of A-dominant elements of B{u7) and the set n\{zu) x Z. 
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List of notations 
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P^,k 


mn 
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lO 


P, Q, Q+, ht 
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wt 
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EH 
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Mi A), ruA 






o 


XiA), VA 


ml 


P, Q, Q+, ht 


o 




E3I 




11.31 


A,r 






o 


Wo 


1231 




o 


fc(7r) 




C, D 


o 


n{v), n(7r) 


1231 


U5(«), U5(»), U5(0) 


o 


m(7r) 


1231 




o 




1231 


4>z 


o 




1231 
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L(l^(7r)), L^(y(7r)) 


irrm 
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